
Theoret. chim. Acta (Berl.) 4, 22--29 (t966) 

IBM San Jose Research Laboratory, San Jose, California 

Two.Configuration, Self-Consistent Field Theory 

By 

A. VEILLARD* 

The Hartree-Fock pseudoeigenvalues equations have been derived for configuration 
interaction in the case of two atomic configurations ns2np N and np N+2. A special case of in- 
vestigation is the interaction between the nearly-degenerate configurations ls22se2p ~v and 
ls22p ~v+2. The LCAO form of the equations has also been established. 

On 6tablit les 6quations de Hartree-Fock correspondant s une interaction de configuration 
entre deux configurations atomiqucs ns2np Net  np N+~. Le eas simple d'intcraction entre les deux 
configurations presque d6g6n6r6es ls22s:2p N et ls~2p N+2 a 6t6 plus partieulibrement 6tudi6. 
Les 6quations sont 6galement pr6sent6es sous 1cur forme L.C,A.O. 

Hartree-F ock Pseudoeigenwertgleichungen werden ffir die Konfigurationswechselwirkung 
im Fall der zwei Atomkonfigurationen nsSnp N und np ~v+s abgeleitet. Ein Spezialfall, der untcr- 
sucht wird, ist die Wechselwirkung zwischen den beinahe entarteten Konfigurationen ls~2s~2d N 
und ts~2p ~-+2. Die Gleiehungen werden auch in ihrer LCAO Form angegeben. 

Introduction 
The process of  configuration interaction is generally carried out by  minimizing 

separately the energy expressions for the different configurations, which allows 
the determination of  the wavefunctions for these different configurations; it is 
only in a second step tha t  configuration interaction is introduced, taking into 
account  the interaction between the previous defined configurations. The rigorous 
scheme (see for instance ref. [3] and [7]) would consist of introducing configuration 
interaction at the first step when writing the expression of the energy, then  apply- 
ing the variational principle to this expression in order to derive the equations 
for the  orbitals. We establish, in the following pages, the corresponding Hartree- 
Fock  type  equations in the case of two atomic configurations ns2np  N and n p  N+~. 

I. General Orbital Theory 
Our formalism is closely related to t ha t  used by  ROOTHAA~ [5] and we shall 

define only original notations. 
The following limitations will be introduced:  
- -  the interaction involves only two configurations ; 

the expectat ion value of  the energy is given, for each configuration, by  [5]: 

E = 2 ~ H~ § ~ (2 J ~  - -  K~l) § ~ [2 ~ H m  + f ~, (2 a J m n  - -  b K m n )  -[- 
/r kZ ~a m n  

-b 2 ~ (2 J~m - -  K~m)] 
l~ra 
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- -  the two configurations A and B are built from the following shells: 
- -  a common  closed shell C; 
- -  a closed shell C ~ which appears only in A ; 
- -  a common open shell 0 with different occupat ion numbers  in A and B. 
Final ly we shall restrict this s tudy  to the case where C ' includes only one closed 

shell s ~, and where 0 is an open or closed shell p;  the two configurations involved 

Is ~ . . . . .  ( n -  i) p6 or d 1~ ns 2 np  x (0 <_ N <_ 4) 

closed shell C closed shell C' open shell 0 

B Is ~ (n - -  1) p6 or d 1~ np N+2 . 

The two-configurations wave function is given as: 

qS= A T ( . . .  ns z n p  N) + B([ I  ( . . .  npN+2). 

We assume t h a t  the expectat ion value of  the energy is given by  

E = A~ {2 ~ H~ + ~ (2 d~z-- g~z) + 2 ~ H~, + ~ (2 J~,,, --K~,z,) + 
/~ kl IV! ld l ! 

+ 2 ~ (2 J ~ ,  - -  Kk~,) + 
k k !  

+ ]1 [ 2 ~ H m + ] l ~ . ( 2 a  1 J m n - b l K m n ) + 2 ~ ( 2 g k m - K ~ m ) +  
m m n  k m  

+ 2 5 (2 Jk, m - -  K~,m)]} + (l) 
k t m  

+ B~ {2 ~ H~ + ~ (2 J~,--  K~z) +/~ [2 ~ Hm +/8  ~ (2 ~ Z~n-- b~ K~.) + 
lv IvZ m m n  

+ 2 ~ (2 J ~ m -  K~)]} + 2 AB~ Z ~ Kk, m. 
/~m /M m 

The subscripts k and I/Id and l~/m and n refer to  orbitals of  the closed shell C/closed 
shell C~/open shell O./1 and/~  are the fractional occupation of  the open shell 0 in the 
two configurations. 

Eq.  (l) implies t ha t  ~he interact ion energy term between the two configur- 
ations is given by  c ~ ~ Kg, m, where c means a real number.  Tha t  is, we assume 

k ! m 

t ha t  for a toms this t e rm can be expressed by  means of  Slater-Condon integrals 
G k (see Appendix  for the interact ion term in the special case of the two con- 
figurations is22s~2p y and is22pN+2). 

The or thonormalizat ion conditions are: 

<~ [~j> = @ (2) 
a n d  : 

A s + B ~ = i . (3) 

We minimize the energy (1) with respect to the orhitals and the parameters  A and 
B, taking into account  the constraints (2) and (3). The resulting equations for the 
two closed shells C and C ~ and for the open shell O are: 

[A 2 (H + 2 J c -  K c  + 2 JC, - Kc ,  + 2 Jol - K o  + B 2 (H + 2 J O -  K c  + 

+ 2  2 Jo - -  Ko] ~k = ~ q~" Oj~ = ~ ~vi 0 ~  (4) 

are then :  

A 
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[A 2 (H + 2 J c  - -  K c  + 2 Jc ,  - -  Kc ,  -t- 2 J1 o - -  K~) + A B c  ~ Km] cf~, 
m 

= ~ ~j 0m = ~ ~j 0~,j (5) 
J 

[ A 2 / l ( H + 2 J c - K c + 2 J c , - K c ,  + 2 a  1 J ~ - b  1 K ~ ) + B  s / s ( H + 2 J e -  

-- Kc  :~2:a s g~) - -  5 2 K~)) + A B c  Kc,]ct) m = • q~i Olin = 5 q)/-Omi. (6) 
J J 

The parameters A and B are defined by:  

A H  A + Bc ~ ~ K~,m - -  ,~A ~ 0 (7) 

B H B  + Ac  ~ ~ K~,m - -  ~B - O . (8) 
I~1 r 

We used the notations: 

J~o = / ~  5 Jm Klo = / 1  5 Km J~) = / 2  5 Jm g ~  = / 2  5 g m  (9) 
~rt ~,t t i t  ~,n 

HA = 2 ~. Hl~ + 5 (2 Jkl - -  gkl)  + 2 ~ H~, -t- ~ (2 J~, v - -  Kk,  v ) + 
k k~ lc! k I l !  , 

+ /1 [2 ~ / t  m + /1 ~ (2 ct 1 Jmn - -  bl Kmn) + 2 ~ (2 J~m - -  K~m) + (tO) 
m m n  Igm 

+ 2 ~ (2 J ~ , m - -  K~,m)] 
I f  t ~,tt 

HB = 2 ~ Hk  + ~ (2 J ~ - - K k ~ )  + f2 [2 ~ Hm + ~2 ~ (2 a s J m n - - 5 s  Kmn) + 
I~ Ic l m r a n  

+ 2 5 (2 JTcm "--Kkm)]. (11) 
I c m  

From (7) and (8) we can derive: 

= E = A s H A  + B 2HB + 2 A B c ~  ~ Kk,  m.  (12) 
la! n~ 

We notice that  the Lagrangian multipliers constitute a I-Iermitian matr ix:  

@ = ~j~. (13) 

All the operators which appear in Eqs. (4), (5) and (6) are invariant under the 
transformations: 

! f 
q~c = q~c Uc of'c, = qvc, Uc, ~o = q~o Uo (14) 

but such transformations cannot eliminate the off-diagonal multipliers 0k~,, 
O~m, O~,m in order to reduce Eqs. (4), (5) and (6) to pseudoeigenvalue equations. 
So we are faced with the problem of eliminating these off-diagonal multipliers by  
absorbing them into the left-hand side of Eqs. (4), (5) and (6) [5]. 

I t  can be seen easily that,  in the case where C' is an s s closed-shell and 0 is a p 
open-shell: 

Omk, =-- 0 �9 

Further,  if  we limit the scope of this s tudy to the ease where C is a closed shell is s 
(that is, to the first row atoms and isoelectronic ions) : 

Om,~ ~-- 0 .  

The only problem is then to eliminate 0~,k = 02s, ~s. This is done in Par t  I I ,  
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where the straightforward Hartree-Foek pseudoeigenvalue equations are also 
deduced. 

In  the general case, we can drop the restriction: 

Omk, ~ 0 

this may  be useful for subsequent generalizations. We rewrite Eqs. (4), (5) and (6) 
in the form: 

~ 0~ + ~. q~, Ov ~ + ~ ~ 0 ~  

cf~ O~v + ~ q~, 0~, ~, + ~, q~ 0~ ,  

q~ 0 ~  + ~ q~v Ov m + ~, cf~ 0 ~  . 

Using the hermiticity of 
diagonal multipliers between 

the off-diagonal multipliers, we can express the off- 
orbitals of C, C ~, and 0 in the following manner [4~ : 

0~,~ = <~,  [o~,  [ ~ >  0~, = <~  I o ~  ~ I ~ , >  

0 ~  = < ~  I Oo ~ I ~ >  0 ~  = < ~ l o  ~ [ ~ >  (~6) 

0 ~ ,  = < ~ ,  [ o~' [w ,>  0~,~ = <w, I o  ~ I w >  
with 

o ~  = ~ ~ + (~ - ~ ; )  F x .  

where ~Y is an arbi trary real number. 
We choose : 

(17) 

ABe  
0~,  = O~ ~ = A ~ (2 Jc,  - -  K c ,  -k 2 J~o - -  Klo - -  2 J~ q- K~o) q- ~ ~ K m  = Occ ,  

(18) 
1 

Og = 0 ~ = A~/, + B2[2 _ l (A2 B~ (/~ - - / 1 )  (2 Jc,  - -  K c , )  § A 2 [(A 2 - -  a,) ], § 

+ B~/2] 2 Jol  - A~ [(A~-- bl)/1 + B~/~] K~ + B~ [A~/1 + 
+ (B ~ - -  a~)/2] 2 J~ - -  B 2 [A 2/, + (B 2 - -  b2) f~] K~o - -  A B e  Kc,} = 0 c o  (t9) 

t 
0~' = 0 ~ = A 2/~ + B ~/2- As [A~ B~ /~ (2 Jc, - -  Kc , )  + A~ [A~ /1 (l - -  al) + 

+ B 2 / ~ ] 2 J ~ -  A 2[A ~ / , ( l - b l ) + B  2 / 2 ] K ~ - A  2B ~ / 2 a s .  2 J ~ §  

A~ B~/~ b~ K~o + (A~/1 + B2/~) AB~ 5 K ~  - -  A~ ABe Kc,} = Oc, o .  (20) 
m 

Defining the coupling operators: 

Ro C = - [ Z ~.  < ~  [Oco) + (Oco [~.> ~.] 
n 

l 

n 

R~ = - [ ~ ~, <~,, I Oco) + (O~o 1~,,> ~,] 

R~ = - [ Z ~, <~, l O~,o) + (O~,o [~z,> ~,3.  
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Eqs. (15) can be written in new forms which constitute the IIartree-Foek pseudo- 
eigenvalue equations: 

(Fc + R~, + Ro c) 9)~ = Y 9)t 0~ 
t 

C t 
(Fc, § R~' A- R o ) 9)~ ~ 9)l, Ol,~, (22) 

l !  

(Fo + R ~ + R ~ 9)m - Y 9)n 0 ~ .  

The explicit forms of the operators R~ have been given elsewhere [6] and for the 
sake of briefness we shall not report them. 

II. Special Case of the Configurations l s  u 282 2p N -  l s  ~ 2p N+~ 

In the simple case of configuration interaction between two configurations 
1822822p N and ls22p N+2, Eqs. (4), (5), and (6) become: 

Fls  9)2s = [H + 2 J ls  - -  g2s § A S (2 J2s - -  g2s A- 2 J~o - -  K~o) A- B2 (2 J~ - -  

2 ( 23 )  
- Ko)] 9)18 = 9)28 028 + 9)28 038, 18 

F28 9)28 = [ A2 (H + 2 3"18 - -  K28 A- 2 J28 - -  K2s A- 2 J1 o - -  K~o) §  ~ Km] 9)28 

= 9)28 0 1 8 ,  28 -[- 9)28 0 3 8  (24) 
Y o  9)rn = [A 2/2 (H + 2 J2s - -  K 2 s  A- 2 J2s - -  K2s A- 2 a 2 J~o - -  b2 Klo) A- 

+ B 2 / 2  (HA- 2 J 2 s - -  g l s  A- 2 a2 J~ - -  b2 g~)  A- 

A- A B c  K28] 9)m = ~ 9)n Ohm. (25) 
n 

In our at tempt to eliminate the off-diagonal multipliers 02s, 28 and 018, 28, we 
A 2 i 

choose ~ - B~ 1 - - 2  = l --A ~ i n  Eq. (17) so that :  

ABc 
O = A 2 (2 J28 - -  g2s A- 2 J1 o - -  glo - -  2 J~) A- K~) A- ~ ~ g m  (26) 

and we define the coupling operators: 

R28 = - -  [9)28 (9)28 l 0)  Jr (0 1 9)28> (9)2s ]] (27) 

R28 = - -  [9)28 <9)1  10) + <O 1 <9)28 I ]  

U s i n g  Eq. (27), Eqs. (23) and (24) become: 

( F l S  A- R2s) 9)28 = 9)28 0 2 8  ( 2 8 )  

(F28 + R18) 9)28 = 9)2s 038 �9 

Eqs. (28) and (25) are the pseudoeigenvalue Hartree-Fock equations. A formula- 
tion in which the is and 28 orbitals are solutions of the same eigenvalue equation 
has been reported elsewhere [6]. We must join the Eqs. (7), (8) and (12) with, in 
this case: 

H A  = 2 H2s -4- J2s, 18 A- 2 H28 A- J2s, 28 A- 2 (2 J28, 2s - -  Kls,  38) A- ]2 [2 ~ H m  
In 

A- [2 ~.. (2 a 2 gmn - -  b2 Kmn) A- 2 ~ (2 Jls, m - -  Kls,  m) A- 
l, nn m 

A- 2 ~ (2 J2s, m - -  K28, m)] (29) 
m 

H .  = 2 H18 + JiB, 28 + h [2 y H ~  + / 2  ~ (2 .2  Jm. - -  b~ K , ~ )  + 
m m n  

A- 2 ~. (2 Jls, m - -  Kls,  m)] 
m 



Two-Configuration, Self-Consistent Field Theory 27 

III. LCAO Form for the Configurations l s  ~ 2s  ~ 2/) ~ -  l s  ~ 2p N+~ 

If  the orbitals are expanded in terms of basis functions according to [5] : 

the energy expression for each configuration can be written in a form similar to 
that given in Ref. [1]. 

The interaction energy term HAB can be written in the form (see Appendix):  

HAB = ~ N2S C~Sp CeZq Qspq, Prs (~ -~IP C1Pr CiPs -~- fi N2lp C1Pr Clps) (30) 
~qrs 

Minimizing the corresponding total expression in respect with the coefficients 
C, we derive the following equations: 

(A 2 [Hs~oq 4- ~ Pspq, srs D 1 1 B 2 T, Srs 4- ~ Pspq, Prs DT, Prs] 4- [Hs, pq 4- 
q rs rs 

4- ~ Psrq, srs D 2 2 ~ Os 11 T,&s 4- ~ Pspq, ers nT, Prs]} Clzq = E Sspq (J'lSq~l z 4- (31) 
r3 rs q 

~. 0 8  21 

4- E SSpq (JeSq Nll-s 
q 

{ Ae [Hsloq + Z Pspq, srs D ~ T, Srs 4- ~ PSpq, Prs DT, Prs]4- 
q rs rs 

2 ~ 0 s  12 
+ A B  Z Qspq, Prs (c~DIT,prs -4- flnT, Prs) } C2S q = ~ SSpq ()lSq~es 4- 

rs q 

~, OS  22 

4- ~ Sspq C'esq ~ses (32) 
q 

Z {NIP A 2  [Upioq 4- Z Pspq, Prs D1 1 T, Srs 4- ~ PPpq, Prs Df,  p~.s - -  
q rs rs 

- -  Z Qippq, Prs Die, Prs ] 4- N21p Bu [Hppq 4- E Px~q, Prs D~, Srs 4- 
rs rs 

2 2 2 4- ~ PPpq, Prs DT, Prs - -  ~ QP~q, Prs 4- Do, prs] (33) 
r~ r3 

4- (aNIp 4- t iN,  p) A B  E QPpq, srs Des, rs} C~pq = 5 Sppq C 1 P q  O P l l  
rs q 

by defining : 
1 

DT,&,s = ~ (NiS C1Sr CJ_Ss 4- NeS CeSr CeSs) =DIS,  rs -~- D2s, rs 
rs 

2 Df ,  srs = ~ N l s  CIsr C1ss = Dis, rs 
rs 

i D t __ jD i DT, Prs = ~ N1P CIPr CIPs = 1P, rs -- oP, rs 
rs 

D 2 D 2 _ D ~ r, Prs = E N~p CIp r C1p s = 1p, rs -- OP, rs 
rs 

Des, rs = De, ,  rs = ~ N~s Cesr C~ss �9 
t s  

We rewrite Eqs. (31) and (32) in the form: 
_ 0s 11 0s 21 (34) 

E FIS, Pq C1Sq = ~ ~Spq (~rlSq~ls 4- E SSpq CeSqI~ls 
q q q 

~, O s  12 OS 22 
q - F 2 S ,  P q  C 2 S q  = Eq Szpq C'~sq ~ 4- ~q Sspq Cesq N~s" (35) 

We define : 

N1S GS, pq = J~eS GS, pq = ]~N1S F1S, pq 4- (1 - -  ~) NeS FeS ' pq 

R2s, 19q = - -  ~ (Szpu Cezu Gzwq Cesw + Gzpu Cezu Sswq Cesw) �9 
u w  



2 8  A .  VEILLARD : 

After  some s t ra igh t forward  a lgebra  Eqs.  (34) can be wr i t t en  in the  new form : 

Os 11 
(1~1S ' pq --~ R 2 S  ' pq)  C I S  q = ~ SS~oq C 1 S q  ~ l s  . (36) 

q q 

I n  a s imilar  manner ,  defining:  

Rls, ~q = --  [ ~ Ss!o~ Cis~ Gs, wq C~sw + ~ G s ~  C~su S~wq C~sw] 
~w uw 

i t  can be shown easi ly  t h a t  Eq.  (35) can be wr i t t en :  
-- 0• 22 

(F~s, vq + R15, ~q) C2sq = ~ Sz~q C'~sq ~ . (37) 
q q 

Eqs.  (36) (37) and (33) are the  t h ree  eigenvalue equat ions.  W e  mus t  join again  the  
two equat ions  defining A and  B :  

A H A  + B H a B  - - 2 A  = 0 (7) 

A H A B  + B H B  - -  2B = 0 (8) 
wi th  : 
HA ~ (Hzpq 1 1 . D 1 = DT,,vp q _~ HppqDT,  ppq ) _~. 1 ~ (Dlzpqpzpq ,  srs T,5'rs q- 

~oq Ioqrs 
n l  1 1 q- 2 .D12,, spq -Pspq, Prs T, ers q- DT, ppq PPpq, Prs DT, Prs - -  

1 1 1 
- -  D T ,  epq  QPpq, Prs DT, Prs) (38) 

l i b  ~. (Hz~q D ~ D 2 D 2 = T, Spq -{- MPloq T, Ppq) -]- 1 ~  (D2T, spqpspq, srs T, Srs -}- 
2aq loqrs 

+ 2 D ~' Pzrq,  P r s  D2 2 2 T, Spq T, Prs ~- DT, Ppq PPloq ,  P r s - D T ,  Prs - -  
2 2 2 - -  DT, e ~  QPpq,l~rs DT, Prs) (39) 

H AB = E D2s, pq Qzpq, Prs (~DI~, P,,s q- fiD~, prs) (40) 
~qrs 

Resul ts  for the  first row a toms  and isoelectronic ions and the i r  discussion in  
respect  wi th  corre la t ion energy will be given in a subsequent  pape r  [2]. 
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A p p e n d i x  

In t e r ac t ion  Term HA ~ for the  Two Configurat ions i s  2 28 ~ 2 p  N and  ~ s ~ 2 p  N+~ 

For the two configurations ls~2s~2p y ~nd ls~2p ~+~ the interaction term Ha~ is given by: 
Has = CG ~ (28, 2p). 

The v~lues of C are reported in the table for each spectroscopic state of interest: 

5 7 = )  

=L 

= 2  

= 3  

= 4  

1S 

2p 
I 

~p 

i 
I 2 p  i 
I 

1S 

Table 

C ~ s P 1  

3 6 

i 3 

3 

3 
~5 
3 

9 
l 

15 

18 
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In the LCAO equation, Eq. (40), we wrote this term: 

HA. ~ D~s,~qQspq, (cr 1 D 2 
~aqrs 

with: 

v=O v=lX-,u{ 
= JzPo ~opq 1 1 , P~s - -  ~ K S p 1  r  Prc  

The identification is straightforward: 

JsPo = 0 

2 C  C 
Ksm - if we p u t ~ = 0  f l = l .  

N2s iV~ iV~p 

We report KzP1 in the table. 
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